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The chaotic response of the minimal chemical oscillator stimulated by a sinusoidal perturbation was studied by a
computer-simulation method. Chaotic phase diagrams were obtained and two types of chaos were estimated. One was
neighbored by fundamental 1/2 and fundamental 1/3 entrainment regions, and was followed by a quasiperiodic region. It
contained two chaotic modes (relatively large-amplitude mode and relatively small-amplitude one on the Poincaré section
(cos wpt = 1)) and coexisted with the fundamental 1/3 harmonic mode. Other chaotic regions appeared when fundamental
1/1 and fundamental 1/2 entrainment regions came into contact with each other, and these were not in contact with any
quasiperiodic regions. In this case Hopf bifurcations from the fundamental 1/1 harmonic mode to the 1/r (n/n) (n: integer)
harmonic modes occurred first, and were followed by chaotic modes between the harmonic modes and the 1/n ((n — 1)/n)
harmonic ones. The coexistence of the chaotic mode and the 1/3 harmonic mode and the existence of two chaotic modes
were compared with the behaviors of a one-dimensional dynamical system having a piecewise linear map.

Chaos is of interest in many fields because of its strange
behavior. It has also been reported in chemical systems, such
as Belouzov—Zhabotinski (BZ) and peroxidase—oxidase (PO)
reactions.! The routes to chaos (period-doubling cascade, in-
termittency, etc.) have been mainly reported. In BZ and PO
reaction systems, mixed-mode oscillations and chaos cre-
ated through the oscillatory mode have often been observed.
Hauser and Olsen have reported on the existence of a ho-
moclinic-type chaos in a PO reaction.> Hauck and Schneider
have observed a quasiperiodic route to chaos.® The character-
istics of chaotic behaviors and the phase diagrams on chaos
have been studied rather poorly.

It is thought that nonlinear reaction systems stimulated
by external forces would exhibit chaos. Kai and Tomita
simulated chaos in a forced Brusselator for the first time.*
Chaos generated by stimulating neurons electrically were
reported and their behaviors were simulated by using the
Hodgkin—Huxley model.>® Dolnik et al. studied the BZ re-
action in oscillatory and excitable modes forced by single or
periodic perturbations and simulated by using models based
on the Field-Ko6ros—Noyes (FKN) mechanism.’

The reduction of bromate in an acidic medium, which is
a part of the BZ reaction, is known to proceed via the FKN
mechanism.® The reaction system exhibits chemical oscilla-
tions with a small amplitude in a continuous-flow stirred tank
reactor (CSTR), which is called the minimal oscillator.’ The
FKN mechanism is known to reproduce the nonlinear be-
haviors (bistability, sustained oscillations, etc.) of the reac-
tion system, which gives merit to studying various nonlinear
properties of the reaction system.'®!" The author numeri-
cally studied the response of the minimal chemical oscillator
to a sinusoidal perturbation over wide ranges of perturba-
tion parameters.’> The outline of the study was as follow:

Under weakly perturbed conditions, fundamental and sec-
ondary entrainments, quasiperiodicity, the Farey tree, and
Arnol’d tongues were estimated; under more strongly per-
turbed conditions chaos, small-amplitude oscillations, and
the coexistence of two oscillatory modes joined. Regarding
chaos, two types of chaos were simulated. These complex
behaviors under the relatively strong perturbations would be
understood in the term, chaos. We studied the details of the
chaotic response of a forced minimal chemical oscillator, and
will report on the results in this paper.

Calculations

In this study we used rate equations derived from the FKN
mechanism (Table 1) and the rate constants prepared by Field
and Forsterling."* Because the reaction system was assumed
to be studied in a CSTR, the terms ko(Cy; — C;) were added to
the rate equations, where C; and Cy; represent the concentra-
tions of species i in solution and in the feed flow, respectively
and kg is the reciprocal of the residence time. The external
parameters for the system in a CSTR were [BrO; ™ ]o, [Br~]o,
[Ce** 1o, [H*1o, ko, and temperature. The values of [BrO; o,
[Br~ 1y, [Ce**1o, [H* 1y, and the temperature were fixed and
ko was assumed to be varied sinusoidally,

Table 1. Reaction Mechanism of the Minimal Chemical
Oscillator

Br~ + HBrO + H = Bry + H,O

Br~ + HBrO, + H" — 2HBrO

Br~ +BrOs;~ +2H' = HBrO + HBrO,
2HBrO, — HBrO + BrO;~ + H*
HBrO; + BrO;~ + H" = 2BrO,-+ H,O
Ce* + BrO,-+ H = Ce** + HB1O,
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ko = ko(1 + asin wp?). D

The values of kg, being the average of ky, and the other
external parameters used are listed in Table 2.

The temporal evolution of the reaction system was cal-
culated by Gear’s method. The results calculated up to 10*
s were ordinarily discarded to remove any influence of the
initial values. The discarding time was 3x 10’ s at its maxi-
mum when a slowing down occurred. The state of the system
was evaluated by considering the shapes of Poincaré section
(cos wyr = 1) and the Fourier spectra." The representation
for the entrained modes used in this paper was the same as
that in a previous paper.'

Results and Discussion

As described in the previous paper, the minimal oscilla-
tor stimulated by the sinusoidal perturbation exhibited two
types of chaos. One appeared in the case that fundamental
1/2 and fundamental 1/3 entrainment regions began to come
into contact with each other. The other was generated in the
case that fundamental 1/1 and fundamental 1/2 entrainment
regions began to do so. In this study, we investigated the for-

Table 2. Reaction Conditions for CSTR®

Chaotic Behavior of the Forced Minimal Oscillator

mer, which we call chaos of type I, in detail under condition
A in Table 2 and the latter (chaos of type II) under condition
B, respectively.

Chaos of Type I.  Figure 1 shows a phase diagram on
the chaos of type I in the w,—« plane. The chaotic region
between the fundamental 1/2 and the fundamental 1/3 en-
trainment regions was also in contact with a quasiperiodic
one. Therefore, there were three routes to the chaotic mode:
(1) from the 1/2 harmonic mode, (2) from the 1/3 harmonic
mode, and (3) from the quasiperiodic mode. The first transi-
tion (route 1) proceeded through successive period-doubling
bifurcations (Fig. 1). The Feigenbaum ratio was 4.7 under
the condition that & =0.15. The second transition (route 2)
proceeded through an intermittent route. These routes have
generally been observed in many reaction systems. The de-
termination of route 3 (from quasiperiodic mode to chaotic
mode) is rather difficult. Therefore, we discuss this route
in Figs. 2 and 3, where the left figures are the oscillation
patterns of [Ce**], the middle ones their Fourier spectra, and
right ones their Poincaré sections (cos wpt =1). Figure 2
shows the dependency of the [Ce**] oscillations with the Wp
value under the condition that @ = 0.1. Figure 2a’ and 2a”
(wp = 0.05095 rad s~1) reveal typical chaotic characters (a
band-shaped Fourier spectrum and a collapse of the torus),
and corrugations on the Poincaré section can be observed

Condition A Condition B
T ondition = ondition in Fig. 2b" (@, =0.05112 rads~"). On the other hand, the
[Ce™) 10 M Poincaré sections in Fig. 2¢”, 2d”, and 2¢” (&, = 0.0521,
[Br‘]oo 2.0%10~* M 0.0526, and 0.0527 rads™!, respectively) are smooth, sug-
[BrO;~ 1o 01M 0.12 M gesting quasiperiodicity of the system. The peaks in the
% 0.005s™! 0.0064 s~ Fourier spectra of Fig. 2¢’ and 2d’ are more distinct than
M= 1 moldm—3 those of Fig. 2a’, suggesting that the chaotic character is
a =l1moldm -.
11
02 |
a
015
0.1 ; L L ep
25 V5 35 4

Fig. 1.

wp/wg
Phase diagram on the chaos (type I) of the minimal chemical oscillator in the w,—a space. The CSTR condition: A

([BrO;"Jo = 0.1 M (1 M = 1 moldm™?), and ko = 0.005 s™"). QP: quasiperiodic oscillations. The striped pattern represents the
region where the 1/3 fundamental harmonic mode and other harmonic modes coexist.
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Fig. 2. Characteristics of oscillations of [Ce*'] under the condition that & = 0.1. The CSTR condition: A. a (oscillation pattern), a’
(Fourier spectrum), and a’ (Poincaré section (cos wpt = 1)) : @, =0.05095. b, b’, and b @, =0.05112. ¢, ¢/, and ¢”’: w, =0.0521.
d,d’, and d”: @, =0.0526. ¢, €', and e”’: @, =0.0527. f, ', and f’: & =0.11 and w, = 0.05377. The unit of the @, values is

rads™L.

rather weak in Figs. 2¢/ and 2d’. (Also see Fig. 3¢”’) (@ =0.11 and @, = 0.05377 rad s~ ") also reveal the charac-
Figures 2e and 2¢’ revealed the characteristic of an intermit-  teristic of intermittent chaos, and some dots appear inside the
tent chaos from the 1/3 harmonic mode. Figures 2f and 2f°  torus, as shown in Fig. 2f”. The inside dots may result from



2610 Bull. Chem. Soc. Jpn., 72, No. 12 (1999) Chaotic Behavior of the Forced Minimal Oscillator

873 T T T T T T T T T T T
a’ A
s I 1 ‘ | 1|||i|ll llll ]l [l]ﬂlllll]]ll I ]ﬂ”[ T l \\
(R R TR LN
LA AT i 4 sl Lo
AR et e AR (ot . .
—us i i i hn | i““ i if{htt | N
i AT
il it \ i .
.
195 4 \ﬁ"‘) )
a e
1 1 I‘ 5 14
5000 r3%10°
-8 T T T ° T T T T T T T T
T T [T T b’
88 I J I j |1 ‘ B ; ‘ ‘ ! } \‘
il AR 0 P sl \ N
-835 L ULt \‘
! il f
-89 | - \ N
\\'_\_ 7‘) \:=
895 T - }
b B 29 1 il
. 1 i o 00w 0004 0006 0008  OOL 002 004 006 -5 M
5000 I.S‘Hl‘
e T T T o T T T T T T T T
[ I U I A U OO I I O O ” ]
‘ I ‘ i ‘ i 1T I[ I 1 l ! T l T Il l T | l w1 c ?\-‘
" “; W;’ \" ‘:“1*‘{“ “"\h -a8f o
'r' -8 I [ i | “ i I : ',.__1 N )
~3 i 6 ~3 \
[ . [+ }] =
O, = S I 3
o) o ot e ) \
E 895 2 E el e S
L [
C ) N ) -150 -165
000 Lsmo*
-8.75 T T ' " \
e DI I LAl N
H!\ ““ ‘\”“‘) "“1“‘1 i H 8.8 A
485 ‘\‘ d ! 1 il ' i .‘\
i |
-85 | .
- . N
R
895 rehsaand i
d ‘\S.:_
1 Il L 8.9 L L
S000 a0t 0 0002 DOOS 0006 0005 001  0W2  00M 006 -5 Ss
315 T T T 0 T T T T T T T T
-l ‘ ;‘ i
~8.85 ‘ ¥ i | I
I
89
895
e
,;m * Lsmc® ] 0.002 0.004 0.006 . 0.008 0.01 0.02 0014 0016
T T T T T T T T
Time /s T T
= - J-ufz h 1
[y
~
(L 2fp
o - 7
[*]
ot J
c"
-6 L L ] . 1 1 1 1.
(3 0.002 0.004 0.006 0.008 001 0.012 0.014 0015

t /s
Fig. 3. Quasiperiodic route of the chaos of type L. The CSTR condition: A. a (oscillation pattern of [Ce*]), a’ (Fourier spectrum),
and a” (Poincaré section (cos wpt = 1)): @ =0.09 and @, =0.05115. b, b, and b”: @ =0.095 and @, =0.05115. ¢, ¢, ¢’ (Fourier
spectrum) and ¢”’: @ =0.1 and w, =0.0521. d,d’, and d”: @ =0.105 and w, =0.0528. ¢, ¢, and e”: a=0.11 and w, =0.0534.
The unit of the @, values is rad s~'. The Fourier spectrum c¢”” is an average over time series sampled in different manners.

corrugations on the Poincaré section. We thus concluded that  system (either quasiperiodic state or chaotic one) in the cases
the state of the system is chaotic in the cases of Figs. 2a, 2b, of Figs. 2¢, 2d, and 2e. This obscure determination was also
and 2f. However, we could not determine the state of the  caused by the following result calculated under the condition
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that @, = 0.0521 rads™': Two trajectories estimated from
neighboring initial values separated after about 3.3x10* 5.
If we could estimate the Liapunov exponents, positive values
might be obtained. Figure 3 shows the dependency of the
oscillation pattern of [Ce**] on the magnitude of & in the
condition that ¢ =0.1. The Poincaré sections in Figs. 3a”,
3b”, and 3¢” ((a, w, (rads™1)) =(0.09, 0.05115), (0.095,
0.05115), and (0.1, 0.0521), respectively) are smooth. The
Poincaré section in Fig. 3d” ((a, w, (rads™')) = (0.105,
0.0528)) contains some dots inside at arrow points, and that
in Fig. 3¢” ((a, w, (rads™")) =(0.11, 0.0534)) is obviously
collapsing. In the Fourier spectra the peaks of the pertur-
bation frequency (f;) and its higher harmonics are always
observed. The Fourier spectra in Figs. 3a’, 3b/, 3¢/, and
3d’ comprise broadband components and incommensurate
peaks, whose positions are shown in upper parts of the fig-
ures. (Compare the positions of the peaks with those of the
peaks due to f,/8 frequency (dashed lines in Fig. 3¢/).) As
shown in Fig. 3¢, the broadband components (maybe re-
sulting from the chaotic character) are diminished and the
incommensurate peaks became clear by averaging the dif-
ferently sampled time series (20 samples). The peaks were
reproduced by linear combinations of two frequencies (f;
(=/p/9) and f> (=f,/7)), as shown in the upper part of
Fig. 3¢"”’. On the other hand, the Fourier spectrum in Fig. 3¢’
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exhibits only broadband components, except for the f, and
the 2f, peaks. We thus concluded that the reaction system
existed in a chaotic state under the conditions of Figs. 3d and
3e. Two trajectories calculated under the same condition as
described above separeted after about 5.4x10* s in the case
of Fig. 3a and after about 5x10* s in the case of Fig. 3e.
When a =0.08 and @, =0.0498 rad s~ !, two trajectories did
not separate until at least 1.2x10° s,

Figure 4 shows the dependency of the bifurcation dia-
grams of the chemical system on the « value. The bifurca-
tion diagrams were depicted with the data on the Poincaré
sections (cos wpt = 1). In the case that o = 0.1, there was
a quasiperiodic region (and a narrow chaotic one) between
the 1/2 and 1/3 entrainment regions (Fig. 4a).'¢ In Fig. 4b
(a =0.12), the quasiperiodic region has been replaced by a
chaotic one, where two chaotic modes (relatively local chaos
and relatively global chaos) seem to exist. This behavior is
more clearly shown in Figs. 4c, 4d, and 4d’, which is similar
to so-called crisis.!” Any information on unstable attractors
(unstable fixed points in return maps) is necessary in order
to discuss the behavior. However, we could not obtained
it in this computer simulation because the calculated val-
ues rapidly became unstable under the condition that Af<0.
Figures 4d and 4d’, 4e and 4¢’, and 4f and 4f’ were obtained
by using different initial values, respectively. These figures
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and f', respectively.
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reveal that the reaction system exhibits the coexistence of
the 1/3 harmonic mode and another oscillatory mode, such
as chaotic and 1/2 harmonic ones, and the coexisting region
is depicted with a striped pattern in Fig. 1. Determining the
striped regions under the condition @ <0.18 was very difficult
because adequate initial values were not easily found. The
1/3 harmonic mode exhibited to relatively large-amplitude
oscillations and the coexisting harmonic modes exhibited
relatively small-amplitude oscillations. The latter harmonic
modes grew into 1/1 harmonic oscillations with a small am-
plitude as the « value increased.'” Figures 5a and 5b show
trajectories under the condition that & =0.18 and w, =0.063
rads~!, where one representative point was attracted into a
1/3 harmonic attractor and another into a chaotic attractor.
We can imagine two basins in the seven-dimensional phase
space. Of course, one basin may be bounded. However,
the basins could not be made a distinction in three-dimen-
sional phase space. On the other hand, return maps of these
attractors (Figs. 5a’ and 5b’) showed a distinct difference.
Namely, the range of the orbit of the chaotic mode was rather
small, which was commonly observed in the attractors of
type 2 (the 1/2 and the 1/4 harmonic modes, etc.)."> (We
should note that a range of orbits in a return map does not
generally relate to the amplitude of oscillations.) An ex-
ample of the coexistence of two oscillatory modes and of
the existence of two chaotic modes is given by using a one-
dimensional dynamical system based on a piecewise linear
map in Appendix.

Chaos of Type II.  Figure 6 shows a phase diagram on the
chaos of type Il in the wp—a plane.'® Some chaotic regions
appeared when the fundamental 1/1 and the fundamental 1/2
entrainment regions came into contact with each other. The
chaotic regions were not in contact with any quasiperiodic
regions.
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Fig. 5. Coexistence of the 1/3 harmonic mode and the chaotic
mode. The CSTR condition: A. a =0.18 and @, = 0.063
rads™'. a (trajectory) and a’ (return map of the attractor):

1/3 harmonic mode. b and b’: chaotic mode.
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Fig. 6. Phase diagram on the chaos (type II) of the minimal

chemical oscillator in the w,—«a space. The CSTR condi-
tion: B ([BrO3 o= 0.12 M, and ko = 0.0064 s™'). QP:
quasiperiodic oscillations.

The behaviors of the reaction system under the condition
that & = 0.036 are shown in Figs. 7 and 8 as a typical ex-
ample. On the basis of the bifurcation diagram (Fig. 7a)
and the assignments of the oscillations of [Ce*] by means
of Fourier spectra, Poincaré sections (cos apf =1) and re-
turn maps (the other figures), it was concluded that the state
of the reaction system changed along with an increase of
the w, value in the following manner: 1/1 (1 /1H—QS—1/4
(4/4)—period-doubling bifurcations—chaos—reversed pe-
riod-doubling bifurcations—1/4 (3/4)—chaos—reversed
period-doubling bifurcations—1/3 (2/3)—1/2 (1/2)—1/22
((1/2)x(2/2))—1/2 (1/2), where QS represents a quasiperi-
odic state and the numbers in the parentheses are winding
numbers. The former chaos was created between 1/4 (4/4)
(Fig. 7b) and 1/4 (3/4) (Fig. 7c) harmonic modes (generally
between 1/xn (n/n) and 1/n ((n—1)/n) harmonic modes), which
is one of the characteristics of this chaos. (The 1/4 harmonic
modes are different, as shown in Figs. 7b’ and 7¢’.) The
quasiperiodic range between the 1/1 harmonic mode and the
1/4 (4/4) harmonic one (Figs. 8a and 8a’) was generated
through a Hopf bifurcation of the 1/1 harmonic oscillations.
Hopf bifurcations which did not lead to doubling periods
were often simulated in this system. As another example,
a 1/3 (3/3) harmonic mode occurred through the bifurcation
under the condition that @ = 0.4 (Fig. 6)." The chaotic os-
cillations under the conditions that @, = 0.0337 and 0.03565
rads~! are shown in Figs. 8b, 8b’, 8c, and 8¢’. These ex-
amples of chaos were obtained through successive period-
doubling bifurcations and an intermittent route. In contrast to
the chaos of type I, in which the collapse of a torus and corru-
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gations on the Poincaré section were observed, the Poincaré
section in Fig. 8b"" seemed to be trebly constituted. We
might recognized a random alternation of 1/4 (4/4) and 1/4
(3/4) harmonic oscillations in the oscillation pattern of [Ce*]
(Fig. 8b) and that of 1/4 (3/4) and 1/3 (2/3) harmonic oscilla-
tions in Fig. 8c. Such a characteristic of chaotic oscillations
has been observed in an Onchidium pacemaker neuron stim-
ulated electrically.’

In this and previous papers, we have sketched a global
profile on the response of the minimal chemical oscillator
to a periodic perturbation.!> The behaviors occurring un-
der weakly perturbed conditions (entrainments, quasiperi-
odic oscillations, the Farey tree, and Arnol’d tongues) are
qualitatively consistent with those estimated in the minimal
oscillator® and those observed in other reaction systems.”?!
As the perturbation (& value) increased, the chaos of type
II was first created and was followed by the chaos of type
I. The small-amplitude oscillations, which were simulated
under strongly perturbed conditions, have been observed
experimentally.”® The 1/1 harmonic mode coexisting with
the 1/3 harmonic mode may be a seed of the small-amplitude
oscillations.

We often encountered slowing-down periods when the
oscillatory mode changed (for example in the regions of suc-
cessive period-doubling bifurcations). When slowing down
occurred, many calculation times (3x10° s at maximum)
were needed until a representative point arrived at an attrac-
tor (usually less than 10* 5). Slowing down in an experiment
(slow change in the Fourier spectrum with time) has been ob-
served at entrainment edges in a forced BZ reaction system.?
We do not know at present whether the both slowing-down
periods are the same or not. Moreover, we wish to point
out that there are some points where curious data are ob-
tained (for example irregular dots under the conditions that
@, =0.0655 rads™" in Fig. 4¢’ and at the circle points in
Fig. 6). The appearence of the dots seems to be dependent
upon the initial values. We do not understand the reason
why such results, which are similar to transient chaos, were
obtained.!”*

Appendix

It seems to be difficult to understand the chaotic behaviors of
the minimal oscillator on the basis of the differential equations
used here because of their complicated nature. Therefore, we think
that the results obtained in this study may be compared with those
obtained in simple maps (piecewise linear map and cubic map).

In a piecewise linear map (circle map), n-periodic (n: integer) and
quasiperiodic modes are easily obtained and chaotic regions, which
are not in contact with any quasiperiodic regions, are simulated in a
parameter space.’* Relatively large chaos and relatively small chaos
are also obtained in special cases. In a cubic map (interval map),
the coexistence of two modes (1-period and chaos, 1-period and
3-period, etc.) is easily produced. Therefore, we may be able to
hit upon many mathematical models concerned with the behaviors
of the forced minimal oscillator, particularly the coexistence of
two harmonic modes and the existence of two chaotic modes. For
example we discuss a piecewise linear map shown in Fig. 9a. In
order to simplify the discussion it is assumed that the map has one

Chaotic Behavior of the Forced Minimal Oscillator

parameter (bs, its range: 0.32—0.42) and that the map form is given
as follow:

h(x) =

—2x+0.7 if 0<x<0.1

—(30/19)x+12.5/19  if 0.1 <x<0.29

(19/6)x —4.31/6 if 029 <x <0235

(2b3 — 0.78)(x — 0.35)/(bs — 0.3) +0.39
if 0.35<x< (b3+0.4)/2

(1, in Fig. 9a)
(1, in Fig. 9a)
(13 in Fig. 9a)

(L4 in Fig. 9a)

2—04  if (h3+0.4)/2=5x507 (Is in Fig. 9a)

2x—14 if 0.7 <x<0.725 (Is” in Fig. 9a)

0.05 if 0.725<x<0.825 (s in Fig. 9a)

—2x+1.7 if 0.8255x<0.85 (I’ in Fig. 9a)

—2x+27 if085<x<1 (1" in Fig. 9a)
)

Thus the map is

Xpr1 = h(xz)  (n =0 or integer). ©)

~ The h(x) value at the intersecting point between line 15 and the

diagonal is 0.4 (by) and that between line 13 and the diagonal is
4.31/13 (by). h(0.2) =6.5/19 (b2). Thus, we obtain b; <b, <0.39<
bo. As shown in Fig. 9a, the map possesses a stable 3-period orbit.
Bifurcation diagrams are shown in Figs. 9b and 9b’, where the
initial values are different. The broken curves in Fig. 9b represent
unstable fixed points. When 0<x<4.9/30 (xg) and 0.4 (x))<x<]1,
the map displays a relatively large 3-period all over the range of
b3. On the other hand, the map displays relatively large chaos,
relatively small chaos, 2-period, 1-period, and relatively large 3-
period when xy<x<x]. When b3 = 0.4, a tangent bifurcation occurs
and an unstable fixed point is created. When b3 = by, a transition
between the relatively large chaos and the small one (interior crisis)
occurs.'” The change of a circle map to an interval map along with
an inrease (or a decrease) of a parameter remains as an interesting
problem.?

hx)

05 A(0.1,05)
1

1
N2 &/ c(035,039)

A N
T 7R
b, D
1 I 13,
k! 7 T81029,02)
;
H g |
: Ll
0 . !
0 Xg Xy 05 < 1

05

ol .
032 0,37 by 042

Fig. 9. A piecewise linear map concerning the coexistence of
3-period mode and other modes such as chaotic and 1-period
modes. a: piecewise linear map. b and b’: bifurcation
diagrams depending on the magnitude of b3. The initial
values are different in b and b’. The broken curves in b
represent unstable fixed points.
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